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The aim of the present paper is to construct a pair of rings of endomorphisms
such that they are Morita similar but the rings on which the bimodules are defined
may not be Morita similar.  2001 Academic Press
Two rings A and B are said to be Morita similar if they are ingredients
of a projective Morita context, that is, a context which satisfies Morita
Ž  . Ž .Theorems I and II see 2 . In this case their categories of right or left
Ž .modules, denoted by Mod-A and Mod-B or A-Mod and B-Mod are
Ž .equivalent. In fact, if S, T is a pair of adjoint functors which determines
Ž . Ž .the equivalence of Mod-A and Mod-B and if S A N and S B MB A
Ž . Ž . Ž .say , then B End M and A End N . Hence these endomorphismA B
rings are also Morita similar.
ŽIn the present paper, we have identified two bimodules, M as a
Ž . . Ž Ž . .B, A -bimodule and N as an A, B -bimodule , such that the Morita
Ž . Ž .context with the base rings End M and End N is projective, while theA B
Morita context with the base rings A and B may not necessarily be
projective. As a consequence, we have constructed Morita similar endo-
morphism rings from two given rings.
1. PRELIMINARIES
The rings are associative and each is equipped with a multiplicative
identity. Modules, left, right, or two sided, are unital. Throughout the text
 ² : ² : it is assumed that A, B, M, N, , , , is a Morita context, brieflyA B
 written as M , N , in which A and B are rings; M and N are twoB A A B
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Ž . Ž . ² : ² :fixed B, A - and A, B -bimodules, respectively, and , and ,A B
Ž . Ž .are A, A - and B, B -bimodule homomorphisms, N M A and MB
² : Ž . ² : N B, respectively, such that if we set , nm  n, m andA AA
² : Ž . ² : ² : ² : ² :, m n  m, n , then n, m n n m, n and m, n mB B A B B
² : ² : ² :m n, m , for all m, mM and n, nN. If , and , areA A B
epimorphisms, then we call the above Morita context a projectie Morita
context. We will use the abbreviations MC and PMC for a Morita context
and a projective Morita context, respectively.
  ² :If the MC, M , N , is a PMC, then the homomorphisms , andAB A A B
² :, become isomorphisms, and the modules M , M, N , and NB A B B A
become finitely generated projective generators of their respective cate-
Ž . Ž . Ž . Ž .gories, End M  B, End N  A, End N  B, and End N  A,A B A B
Ž . Ž .as rings, Mod-A	Mod-B, A-Mod	Mod-A, and cent A  cent B .
  Ž .Consider the MC, M , N . Define X A to be the full and additiveB A A B
subcategory of Mod-A of all those objects V such that
Ž . Ž . Ž .1.1 Hom M, V  M V via the map fm f m ;A B
Ž . Ž . Ž .1.2 VHom N, V N via the map  f : f n   n;B A  
Ž . Ž .  4Ž .1.3 V  N  Hom M , V via the map ,   n A A
 4  4Ž . ² : , n :  , n m  n, m , for all mM, nN, and   V.A
Ž .Similarly, the full and additive subcategory X B of Mod-B is defined.
Ž .  X A is introduced in 3 and is called the intersecting subcategory of static
Ž .modules, as X A is the intersection of categories related to static mod-
ules.
   In Theorem 3.2 of 3 it is proved that if M , N is an arbitrary MC,B A A B
Ž . Ž .then the restrictions of functors Hom M,  and Hom N,  form anA B
Ž . Ž . Ž .equivalence between X A and X B . Thus if V is an object of X A ,
Ž . Ž .then Hom M, V is an object of X B . Likewise, if W is an object ofA
Ž . Ž . Ž .X B , then Hom N, W is an object of X A .B
Ž .  If V is an object of X A , then it is deduced in Lemma 2.3 of 3 that
² :the elements of V are of the form  n, m . Likewise, if W is an object ofA
Ž . ² :X B , then its elements are of the form w m, n . If the rings A and BB
Ž . Ž .  are objects of X A and X B , respectively, then the MC, M , NB A A B
Ž . Ž .becomes a PMC and in this case, X A coincides with Mod-A and X B
 coincides with Mod-B. This assertion is proved in Theorem 5.1 of 3 .
Basic algebraic notions and the literature about Morita theory may be
    Ž . Ž .found in 1 and 2 . Details about X A and X B and their interactions
   with other categories may be seen in 3 and 4 .
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2. MORITA SIMILAR ENDOMORPHISM RINGS
From now on we assume the condition
 M is an object of X A and N is an object of X B .Ž . Ž . Ž .
Ž . Ž . Ž .Let us denote D End M and E End N . If the condition A B
holds, then one may set
DHom M , M M NŽ .A A
 4via the map m, n m n, in B-Mod-B, where mM, nN, andD
 4  4the subscript D on m, n indicates that m, n D such that for allD
 4  4  4  4  4 Ž .b B, b m, n  bm, n , m, n b m, nb , and m, n m D D D D D
² :m n, m , with mM.A
Similarly, we write
EHom N , N N MŽ .B B
 4via the map n, m  nm, in A-Mod-A.E
 4  4 Ž . Ž .Moreover, the relation m n, m  m, n m makes M a D, E -bi-E D
 4  4 Ž .module and likewise the relation n m, n  n, m n makes N anD E
Ž .E, D -bimodule, where m, mM and n, nN.
Now we consider the following lemmas.
Ž .LEMMA 2.1. If the condition  holds, then D as a right B-module is an
Ž . Ž .object of X B and E as a right A-module is an object of X A .
Ž . Ž .This lemma immediately follows from the isomorphisms 1.1 , 1.2 ,
Ž .and 1.3 .
Ž .LEMMA 2.2. If the condition  holds, then:
Ž . Ž .a D MM, ia the map fm f m , in D-Mod-E.B
Ž . Ž .b E NN, ia the map g n g n , in E-Mod-D.A
Ž . ŽProof. The isomorphism D MM, via the map fm f m inB
. Ž .Mod-A , follows from 1.1 . Clearly, it is left D-linear. We demonstrate
that it is also right E-linear. Let  be the above described mapping. Then
 4for some basic element n, m of E, we getE
 4  4 fm n, m  f m n, mŽ . Ž .E E
 f m , n m 4Ž . Ž .D
 4 f m , n mŽ .D
 4  f m , n mŽ .D
 4  fm n, m .E
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Ž . 4  4From the above, we see that fm n, m and fm n, m haveE E
the same images; hence,  is right E-linear. The remaining part can be
proved in symmetry.
Ž . Ž .Now, letting M and N be D, E and E, D -bimodules, respectively, we
 see that M , N is an MC and we prove thatD E E D
Ž .  THEOREM 2.3. If  holds, then the MC, M , N is a PMC.D E E D
² :Proof. It suffices to show that the bimodule maps , : M ND D E D
² :D and , : M N  E are canonical isomorphisms. Indeed, byE E D E
Ž .the above lemmas, by associativity, and by 1.3 , the following sequence of
canonical isomorphisms gives the desired result:
M N  M E NŽ .D E D D E A D
 M E  NŽ .D E A D
 M N D.D A D
Similarly,
N M  N M  E.E E E E B E
 Hence the given MC, M , N , is a PMC.D E E D
Ž .From the MC above, we construct the full subcategories X D and
Ž .X E of Mod-D and Mod-E, respectively. The establishment of this MC as
a PMC in the above theorem leads to the facts that D and E are objects
Ž . Ž .  of X D and X E , respectively. Then from Theorem Morita I of 2 and
 by Theorem 3.2 and Theorem 5.1 of 3 , we conclude that
COROLLARY 2.4. The following are equialent.
Ž . Ž .a The condition  is satisfied.
Ž .  b The MC, M , N , is a PMC.D E E D
Ž . Ž . Ž .c D is an object of X D and E is an object of X E .
Ž . Ž . Ž .d Mod-D X D 	 X E Mod-E.
Ž . Ž .Hence, the rings D and E are Morita similar and cent D  cent E .
3. AN EXAMPLE
Let A be a ring. Let e A be an idempotent element. Set B eAe,
I AeA, M eA, and N Ae. Then B is a ring with the identity e, I is a
Ž . Ž .two-sided ideal of A, and M and N are B, A - and A, B -bimodules,
Ž .respectively. We further assume that I is self-dual, i.e., I*Hom I, AA
Ž . I, and that M is I-localized, i.e., Hom I, M M.A
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 Now, consider the Morita context, M , N , where the two maps areB A A B
evaluated as
² :, : M N eA Ae eAe B ,˜A A A
² :, : N M Ae eA AeA I.˜B B e A e
Note that, in general, I A. I A if and only if the MC above is a
PMC.
Ž . Ž .Note also that, in general, End eA  eAe and that Hom eA, X  Xe,A A
Ž .where X is any A, A -bimodule. This last isomorphism yields
Ž .Hom eA, A  Ae.A
So, assume that I A. Thus the MC is not a PMC. We demonstrate
Ž . Ž . Ž .that this MC satisfies the condition  ; i.e., M X A and N X B .
Ž . ² :Indeed, the isomorphisms, Hom eA, eA  eAe and , , imply thatAA
M N BHom M , M .Ž .A A
Then tensoring by M we getB
Hom M , M  M B MM .Ž .A B B
² :Next, since M is I-localized, using the map , , we get the sequence ofB
isomorphisms
MHom I , MŽ .A
Hom N M , MŽ .A B
Hom N , Hom M , MŽ .Ž .B A
Hom N , M N .Ž .B A
Ž . Ž . Ž .Hence, all three conditions 1.1  1.3 of the definition of X A are
Ž .satisfied and we conclude that M is an object of X A .
Now, the sequence of isomorphisms,
Hom Ae, Ae Hom Ae, Hom eA , AŽ . Ž .Ž .B B A
Hom Ae eA , AŽ .A B
Hom I , A  I ,Ž .A
give the isomorphism
Hom N , N  IN M .Ž .B B
Then by tensoring by N we getA
Hom N , N  NN M N N BN.Ž . Ž .B A B A B
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Finally, the sequence
AeHom B , AeŽ .B
Hom eA Ae, AeŽ .B A
Hom eA , Hom Ae, AeŽ .Ž .A B
Hom eA , IŽ .A
Hom eA , Ae eAŽ .A B
yields the isomorphism
NHom M , N M .Ž .A B
Ž .Hence, N is an object of X B as N satisfies all three conditions
Ž . Ž .1.1  1.3 .
 Following Theorem 2.3 we conclude that the MC, M , N , is aD E E D
PMC, where E is the ring of endomorphisms on Ae, considering Ae as a
right eAe-module, and D is the ring of endomorphisms on eA, considering
eA as a right A-module. Hence D and E are Morita similar rings, while A
and B are not.
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